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Abstract. This paper presents necessary and sufficient conditions for a positive bounded 
operator on a separable Hilbert space to be the sum of a finite or infinite collection of 
projections (not necessarily mutually orthogonal), with the sum converging in the strong 
operator topology if the collection is infinite. A similar necessary condition is given when the 
operator and the projections are taken in a type II von Neumann factor, and the condition 
is proven to be also sufficient if the operator is "diagonalizable" . A simpler necessary and 
sufficient condition is given in the type III factor case. 



1. Introduction 

Which positive bounded operators on a separable Hilbert space can be written as sums of 
projections? For finite sums, Fillmore asked this question and obtained the characterizations 
of the finite rank operators that are sums of projections [B^, Theorems 1] (see Corollary 12.51 
below) and of the bounded operators that are sums of two projections [6l Theorems 2] (see 
Proposition 12.101 below.) 

For infinite sums with convergence in the strong operator topology, this question arose 
naturally from work on ellipsoidal tight frames by Dykema, Freeman, Kornelson, Larson, 
Ordower, and Weber in [5]. They proved that a sufficient condition for a positive bounded 
operator A G B{H)~^ to be the sum of projections is that its essential norm \ \A\\e is larger 
than one (0 Theorem 2]). This result served as a basis for further work by Kornelson and 
Larson [IB] and then by Antezana, Massey, Ruiz, and Stojanoff [T] on the decomposition of 
positive operators into (strongly converging) sums of rank-one positive operators of preset 
norms. 

The same question can be asked relative to a von Neumann algebra M. We say that an 
operator A e is a strong sum of projections if there exists a collection of (not necessarily 
mutually orthogonal or commuting) projections Pj G M with cardinality < oo, for which 
A = Pj series converges in the strong operator topology if = oo. The 

main goal of this article is to answer the question of which operators are strong sums of 
projections. 

To simplify the treatment, we consider only von Neumann factors, and we further as- 
sume that they are cr- finite (i.e., countably decomposable) so that all infinite projections are 
equivalent. Thus let if be a complex infinite dimensional Hilbert space and M C B{H) be 
a (T- finite von Neumann factor. If M is of type I, we will identify it with B{H) (hence we 
will assume that H is separable), and denote by Tr the usual normalized trace such that 
Tr P = 1 for any rank-one projection P. If M is of type II, r will denote the faithful positive 
semifinite normal trace, unique up to scalar multiples in the type Hqo case and normalized 



Date: November 18, 2008. 

1991 Mathematics Subject Classification. Primary: 47C15, Secondary: 46L10. 
Key words and phrases. Sums of projections. 



2 



VICTOR KAFTAL, PING WONG NG, AND SHUANG ZHANG 



by r(/) = 1 in the type IIi case. If M is only assumed to be semifinite, i.e., it is of type I or 
type II unless specified, we will generically denote its trace by r. 

The conditions for A to be a strong sum of projections are expressed in terms of the excess 
and the defect parts of A. Given A G M"^, we denote by 



Xa the spectral measure of A 

Ra = Xa(0, 1 1^1 1] the range projection of A 

y4+ := {A — I)xa(Xi 1 1^1 1] the excess part of A 

A_ := (/ - A)xa(0, 1) the defect part of A. 



Thus we have the decomposition 



(1) A = A^~ A_+Ra. 

A positive operator A is said to be diagonalizable ii A = Ij^j some 7j > and 
mutually orthogonal projections {Ej} in M. Diagonalizable operators are also called discrete 
and are the most accessible operators in a type II factor (e.g., see [3].) 

The main results of this article are collected in the following theorem. 

Theorem 1.1. Assume that M is a a -finite von Neumann factor and A G M~^. 

(i) Let M be of type I. Then A is a strong sum of projections if and only if either Tr = oo 
or Tr{A^) < Tr {A+) < oo and Tr - Tr G NU {0}.(Theorems\EU\4^ and\3^) 

(ii) Let M be of type II and A be diagonalizable. Then A is a strong sum of projections if 
and only if t{A+) > r(A„). The condition is necessary even when A is not diagonalizable. 
(Theorems \6l^\EM and\EE) 

(iii) Let M be of type III. Then A is a strong sum of projections if and only if either | |A| | > 1 
or A is a projection. ( Corollary \6.4\ and Theorem ) 



Remark 1.2. The statement (i) above extends the sufficient condition obtained in [5], Theo- 
rem 2]. In fact, it is elementary to show that \ \A\\f. > 1 implies that Tr {A^) = oo; however, 
the reverse implication is false. 

The necessary conditions in Theorem II. II are obtained via the frame theory type construc- 
tion of Proposition 13.11 that links decomposability of an operator A into a strong sum of 
projections to the condition that the identity is the "diagonal" of W*AW for some partial 
isometry W with W*W = Ra- For instance, the integrality condition in the B{H) case (The- 
orem [TTT] (i)) when Tr (A+) < oo emerges naturally from the fact that Tr (A+) — Tr {AJ) 
coincides with the trace of the projection I — WW*. 

A modification of these arguments provides an alternative proof of the necessity of the "in- 
tegrality condition" for diagonals of projections in Kadison's P, Theorem 15] that identifies 
explicitly the integer as the difference of traces of two projections (Corollary 13.61 ) 

The basic tool for all the sufficient conditions is provided by a 2 x 2 matrix construction 
that decomposes certain diagonal matrices into the sum of a projection and a rank-one 
"remainder" (Lemma 12.11 ). This lemma serves also several other purposes: when applied 
to finite matrices it provides in Corollary 12.51 another proof of Fillmore's characterization 
of finite sums of projections [SI Theorem 1]. It can be applied to (finite) sums of scalar 
multiples of mutually orthogonal equivalent projections in a C*-algebra (Lemma 12.61 ). It 



STRONG SUMS OF PROJECTIONS IN VON NEUMANN FACTORS. 



3 



also provides in the von Neumann algebra setting a short constructive proof (Proposition 
12.101 ) of Fillmore's characterization of sums of two projections [6[ Theorem 2, Corollary]. 

As the results of [5] suggest, the most tractable case is the "infinite" one. The key special 
case (Lemma 16.11) is when A is an infinite sum of scalar multiples of mutually orthogonal 
equivalent projections in M and the sum of the coefficients in the corresponding expansion 
of diverges. Based on this lemma we obtain the sufficiency in Theorem 11.11 for part (iii), 
for part (i) when Tr (A+) = oo, and for part (ii) when r(A+) = oo. 

For the more delicate "finite trace" case in B{H), i.e., when Tr (A^) < oo, we diagonalize 
and A- and then apply iteratively Lemma [271] . which provides canonically a sequence of 
projections. The strong convergence of the series of these projections is proven by reducing 
the problem to a finite dimensional construction and to three infinite dimensional special 
cases (Lemmas 12.31 , 14. H 14. 2[ and Theorem 14.31 ) 

When M is of type II, Lemma 12.11 can also be applied to diagonalizable operators, where 
the strong convergence of the "remainders" is obtained by showing that they converge in 
the trace-norm (Lemma 15. II) . Example I5.3l exhibits a non-diagonalizable operator that is the 
sum of two projections. It remains open whether the condition t{A^) > t(A_) is always 
sufficient for A to be the strong sum of projections. 

Von Neumann algebras are by no means the only setting in which positive operators may 
be decomposed into sums of projections. In a separate paper ([I2j), we will investigate 
the same problem for positive operators in the multiplier algebra M{A ® K) where A is a. 
cr— unital purely infinite simple C*-algebra. 

The first and second named authors were participants in the NSF supported Workshop in 
Linear Analysis and Probability, Texas A&M University, 2006, where they first heard from 
David Larson about the results in [5] and [T6| that stimulated this project. 

2. The matrix construction 

We start with a simple lemma which will be used in our key constructions. 

Lemma 2.1. Let e and f be two orthogonal unit vectors in H. For every > and 
0< X<1, let 

(2) u := I (i+M-"At+A) p:=|^ ^ ^ ^ 

[1 for ^ = 1° for 1^ = 

and let 

(3) w := y/pf — a/1 — pe and v := \/uf + y/l — u e. 
Then w ^ w and v ®v are rank- one projections and 

(4) (1 + /i)(e ® e) + (1 - A)(/ ®f)=w®w+{l + ^i- \){v ® v). 

Proof. It is immediate to verify that < v^p < 1, w and v are unit vectors, and hence 
w ® w, V ® V are rank-one projections with range contained in spanje, /}. Their matrix 
representations with respect to the basis {e, /} are, respectively, 

v-vp(i-p) P J ^ J 

An elementary computation shows that 
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and hence @ holds. □ 

If we do not require the orthogonahty of the vectors e and /, we still obtain the decom- 
position in (jlj), but the vectors w and v are no longer obtained as simply as in ([3]). With a 
slight generalization and a reformulation in terms of rank-one projections, we have 

Lemma 2.2. Let P , Q he rank-one projections in B{H) and let a < c < b. Then there are 
projections P' Q' P for which aP + bQ = cP' + {a + b ~ c)Q' . 

Proof. The cases when P = Q ot when a = or c = a or c = 6 being trivial, we assume 
that P ^ Q and that < a < c < b. Diagonalize the positive rank-two operator A. 
Then A = a'E + b'F where E and F are two mutually orthogonal rank-one projections, 
0<a'<a<c<b<b', and a' + b' = a + b. Without loss of generality we can assume that 
0=1, and now the conclusion follows from Lemma I2.1[ 

□ 

A generalization of Lemma fl?2\ provides the algorithm for constructing frame perturbations 
in [H]. 

The following lemma is obtained by iterative applications of Lemma [271] and serves several 
complementary purposes: it illustrates in the simpler finite-dimensional case a construction 
that is applicable also in the cases of infinite dimensions, it is a key ingredient in the proof 
of Theorem 14.31 and it provides another proof of Fillmore's characterization of finite sums 
of rank-one projections [HI Theorem 1]. 

Lemma 2.3. Let A G B{H)^ he a finite rank operator and set 

n m 

A = ^(1 + /i,)(e, ® e,) + - \i){fi ® fi) 
j=i i=i 

where {ci, . . . , e^, /i, . . . , /„} is a collection of mutually orthogonal unit vectors, /ij > and 
< Aj < 1 for all 1 < i < m and 1 < j < n. // all the eigenvalues of A are greater than 1, 
set m = 0, i.e., drop the sum involving the Aj. Similarly, if all the eigenvalues of A are less 
than or equal to 1, set n = 0. 

(i) Assume that k := Tr (A) — Tr (Ra) G N U {0}. Then A is the sum ofn + m + k rank-one 
projections. 

(ii) Assume that < Yl^=i f^j ~ Yl'iLi Ai < maxjyUj}. Then there are n + m rank-one projec- 
tions Pi, P2, ■ ■ ■ , Pm+n for which 



m+n— 1 n m 

^ ^ j ^ m+n- 



(5) ^= E + + 

h=l j=l i=l 

Proof. First notice that A^ = Yl^=i f^ji^j ® ^j) A_ = Yl^i \i.fi ® fi)i hence by ([1]) 

n m 

Tr {A) - Tr {Ra) = Tr - Tr = J^/^, - A.. 
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(i) To avoid triviality, assume that A 0, and in particular that n 0. If A; > 0, let 

n m 

Al := /ii(ei ® ei) + ^(1 + /ij)(ej ® ej) + ^(1 - A,)(/i ® fi). 

j=2 i=l 

Then A = d (g) ei + Ai, Ai > 0, Ra, = Ra, and Tr (Ai) = Tr (A) - 1, whence 
Tr [Al) — Tr (Rai) = k — 1. Iterating, we decompose A into the sum of k rank-one projec- 
tions and a positive operator Ak with Tr {Ak) = Tr (Ra^,)- Thus, we can simply assume that 
k = 0. Hence yUj = ^^^i K and also m 7^ 0. 
Now we start by the decomposition 

(1 - Ai)(/i ® /i) + (1 + /ii)(ei ® ei) = Pi + (1 + 6i){vi ® t;i) 

where (5i := yUi — Ai and Pi and Vi^Vi are the rank-one projections prescribed by Lemma I^TTl 
Then either 61 = and n = m = 1, in which case A is the sum of two rank-one projections, 
or one of the three conditions hold: 61 > 0, in which case m > 1; (5i < 0, in which case n > 1; 
or 5i = and {n,m) 7^ (1, 1), in which case n > 1 and m > 1. Notice that vi is orthogonal 
to each ej and fi for j > 1 and i > 1 if any, so Lemma 12.11 yields again the decomposition 

(1 + 5i)K ® vi) + (1 - A2)(/2 ® /2) if 5i > 

(l + 5i)(t;i(g)t;i) + (l + /i2)(e2®e2) if 5i < = P2 + [l + 62){v2 ® V2) 

(1 - A2)(/2 ® /2) + (1 + /i2)(e2 ® 62) if 5i = 

where P2 and V2 f 2 are rank one projections and 

- Al - A2 
yUi + yU2 - Al 
1^2 - A2 

In general after q steps, we have 

n' m' q 

(6) Ag ■= ^(1 + /i,)(e, ® ej) + ^(1 - Xi){fi ® /i) = j^P,- + (1 + ® 
i=i i=i i=i 

where 5g = X]j=i /^j ~ Xlili -^j and n', m' G N, n' < n, m' < m. We continue the process 
until we "run out" of summands to which apply Lemma 12. 1[ This occurs only when n' = n 
and m' = m. Indeed, ii n' = n but m' < m, then 6q = Yl^=i f^j ~ YllLi -^i = YllLm'+i -^j > 
and thus we can further decompose (1 + Sq)vij + (1 — Am/+i)(/m'+i (S> fm'+i) into the 
sum of a rank-one projection and a positive remainder. The case when m' = m but n' ^ n 
is similar. But when n' = n and m' = m, then 6q = and hence A = Aq is the sum of 
Tr (A) = n + m + k rank-one projections. 

(ii) Assume without loss of generality that maxj/Xj} occurs for j = n, i.e., that 

n— 1 m n 

j=i 1=1 j=i 

We can carry on the same construction process as in (i). If after the q steps that lead to 
the decomposition (Q we have n' = n and m' 7^ m, then 6q > J2^m'+i — ^ and we can 



if (5i > 
if 5i < 
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continue the process. If we have m' = m but n' ^ n then 

n' m n— 1 m 

j = l i=l j = l i=l 

and in this case too we can continue the process. Thus the process terminates only when 
n' = n and m' = m and thus holds. 

□ 

Remark 2.4. The condition in (ii) is necessary, because if ^ holds, then 

n m 

1 + /ij — Aj < I l^l I = 1 + max{/ij}. 

j=i i=i 

This lemma provides a constructive proof of Fillmore's characterization of finite sums of 
finite projections [6^, Theorem 1] that does not depend on the mean value theorem (see also 
[5l Proposition 6]). 

Corollary 2.5. [6l Theorem 1] Let A e B{H)^ he a finite rank operator. Then A is the 
sum of projections if and only if Tr A eN and Tr A > Tr [Ra)- 

Proof. The sufficiency is given by Lemma [23] (i)- For the necessity, assume that A = Yl'j=i 
is a sum of projections and by further decomposing them if necessary, assume that they all 
have rank one. Then Tr A = /c G N and, clearly, rank A < k. . 

□ 

The matrix construction in Lemma 12.11 extends to C*-algebras and hence in particular 
to von Neumann algebras. It is well known that given a collection {Ej}^^^ of mutually 
orthogonal equivalent projections in a C*-algebra A, we can chose a corresponding set of 
matrix units and hence an embedding of M„(C) into A. Thus by Lemma [2.11 and Corollary 
12.51 we obtain: 

Lemma 2.6. Let A be a C*-algebra. 

(i) // E and F are two mutually orthogonal equivalent projections in A, < X < 1, and 
yU > 0, then there are two projections P_ and P+ in A, with P_ ~ P+ ~ E, for which 
(1 + fi)E + (1 - A)P = P_ + (1 + /i - A)P+. 

(ii) If A = X]J=i Ij-^j /^'^ some mutually orthogonal equivalent projections Ej G A and some 
scalars 7^ > with Yl^=i 7j = ^ € N and k > n, then A is the sum of k equivalent projections 
in A. 

Remark 2.7. 

(i) The embedding of Mn{C) into A depends not only on the projections Ej but also on the 
matrix units. However, once these matrix units are chosen, the construction in Lemma l2J\ 
assigns the decomposition in a canonical way. 

Explicitly for the n = 2 case, letV E A be a partial isometry with E = V*V and F = VV* , 
then the projections P_ and P+ obtained from this embedding and the formulas in Lemma 
Wl\ are 

P- ■■= (1 - P)E - ^MT^W + V*) + pF 
P+ := (1 - u)E + y/u{l-u){V + V*) + vF. 
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It can also be verified directly that setting W := y/1 — pE — y^V , we get W*W = E and 
WW* = Thus W is a pariial isometry and hence P_ is a projection and E. 

Similarly, P_|_ ~ i?. 

(ii) More generally, if < a < c < b, set 

[0 ifb = c \l ifb = c 

Then with P and P+ as in bE + aF = cP- + [a + b — c)Pj^. 

Lemma 2.8. Let P, Q be finite equivalent commuting projections in a von Neumann algebra 
M and let < a < b and a < c < b. Then there are projections P' Q' P in M for 
which aP + bQ = cP' + {a + b - c)Q' . 

Proof. By the assumption of finiteness, we have the cancellation P — PQ Q — PQ. By 
Lemma [2.61 (see also Remark 12.71 (ii)), there are projections P' Q' P — PQ in M, with 
P'yQ'<P-PQ + Q-PQ, for which a{P - PQ) + b{Q - PQ) = cP' + {a + b- c)Q' . But 
then, 

aP + bQ = a{P - PQ) + b{Q - PQ) + (a + b)PQ = c{P' + PQ) + {a + b- c)(Q' + PQ). 

Since P' ± PQ and Q' ± PQ, P' + PQ and Q' + PQ are projections and both are equivalent 
to P. 

□ 

Remark 2.9. 

(i) // the projections P and Q are not finite, cancellation might fail and indeed the property 
itself might fail. For instance if P is infinite but P ^ I, then there are no projections P' 
and Q' for which |P + / = |P' + Indeed, otherwise I — Q' = |P' — ^P — ^Q' , whence 
1 1-^ ~ Q'l I ^ I md hence Q' = I. But then, |P + |/ = |P'; whence P = P' = I, against the 
assumption. 

(ii) Lemma \2. ^ holds also for every C* -algebra A with the cancellation property (e.g., AF- 
algebras.) 

The proof of Lemma [2?T] can be used also to obtain a simple constructive proof of Fillmore's 
[HI Theorem 2, Corollary] characteriziation of the operators in B{H) that are sums of two 
projections. The same characterization holds for von Neumann algebras. 

Proposition 2.10. Let M be a von Neumann algebra and A E M with < A < 21. 
Then A is the sum of two projections in M if and only A = E (B B where E is a (possibly 
zero ) projection in M and there is a unitary U E M that commutes with E and for which 
UBU* = 2Rb - B. 

Proof. To prove the sufficiency, it is obviously enough to consider the case when £" = and 
Ra = I, i.e., UAU* = 21 — A. Let A be the (abelian) von Neumann algebra generated by 
A. Since UAU* = 21 - A e A, it follows that UAU* C A and hence U'^A{U^)* C UAU*. 
Since 

A = 2I - UAU* =21 - U{21 - UAU*)U* = U^A{Uy, 

it follows that A = U^A{U^)*. Thus A = UAU*, i.e., U ■ U* is a conjugation of A. 
In particular, for every Borel set Q C [0, 2] there is a Borel set Qu C [0, 2] for which 

UxAim* = XAi^u). 
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Let Et := Xa[0, t) E A for t E [0, 2] be the spectral resolution of A. Then 
A = [ tdEt + XA{l}+ I tdEt = U{2I - A)U* 

= U( [ {2-t)dEt)u* + Uxa{1}U* + U( [ {2-t)dEt)u*. 
It is now clear that 

\JXa{\W = Xa{\\. f/xA[0,l)t/*=XA(l,2], and [/xa(1, 2]t/* = xa[0, 1). 
In particular, J^-^ 2] ^dEt — I[o ~ t)dEt^ U* . Thus 

A = [ tdEt + + U{! (2 - t)dEi)f/*. 

^[0,1) ^[0,1) 

Let 

2P„ : = / tc/^i -U I ^/t{2^dEt - [ ^t(2 - t)dEtU* + U [ (2 - t)dEtU* 

J[0,l) J[0,1) J[0,1) J[0,1) 

2P+ : = / tdEt + U I ^t{2 - t)dEt + / ^t{2 - t)dEtU* + U [ {2 - t)dEtU* . 

J[0,1) J[0,1) J[0,1) J[0,1) 

Then both P_ and P+ belong to M and are selfadjoint. Since Xyi[0, 1) J- Uxa['^A)U* , 
it is simple to verify that P^,P^ are idempotents and hence are projections. Furthermore 
P_ + P+ = A — hence P_ ± and thus P_ + is also a projection, which 

completes the proof of the sufficiency. The necessity follows as in Fillmore's proof in [21 
Theorem 2, Corollary] from the analysis of the relative position of two projections which 
holds for general von Neumann algebras (e.g., see [HI Pgs 306-308]), and hence, applies 
without changes to our setting. □ 

Remark 2.11. With the notations of the above proof, if A is a masa, then it cannot be 
singular, since U belongs to the normalizer J^lA) of A but does not belong to A, as otherwise 
A = I, against the assumption that A is a masa. 

3. The necessary condition 

Proposition 3.1. Let A G M+ and let N E N U {00}. Then the following conditions are 
equivalent. 

(i) There is a partial isometry V with V*V = Ra and a decomposition of the identity into N 
mutually orthogonal nonzero projections Ej, I = Ylj'=i^j' /^'^ which '^^^^EjVAV*Ej = I, 
the convergence of the series being in the strong operator topology if N = 00. 

(ii) A is the sum of N nonzero projections, the convergence of the series being in the strong 
operator topology if N = 00, and if M is semifinite, then t{A) = t{I). 

Proof. 

(i) =^ (ii) For every j, let Wj := E^VA^ and let Pj := W*Wj. Since 

N 

WjW* = EjVAV*Ej = Ej^EiVAV*EiEj = Ej, 

1=1 
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we see that Wj is a partial isometry, and hence, Pj is a projection and Pj ~ Ej for every j. 
Then 

N N N 

J^Pj = 5^ v4^1/*EjVA^ = A^2V*{J2Ej)VA'^ = aW*VA^ = A^RaA^ = A 
j=i j=i j=i 

and if = cxD the series Ylj^=i hence the series Pj converge in the strong 

operator topology. Furthermore, if M is semifinite, by the normality of the trace r we have 

N N 

T{A) = Y,r{P,) = Y.^{E,)=T{I). 

(ii) =^ (i) Let A = -P,- where {Pj} are nonzero projections. First, we decompose the 

identity / = Ylf=i^j i^^*^ ^ mutually orthogonal projections Ej ~ Pj. This is immediate 
if all the projections Pj are infinite, and hence so is /, because then we can decompose / 
into mutually orthogonal infinite projections and all infinite projections are equivalent 
by the assumption that M is a-finite. Assume henceforth that M is semifinite and that 
A := {j I T{Pj) < 00} 7^ and let A' be its (possibly empty) complement. Then 

N 

T{I) = r{A) = Y,r{P,)>Y.r{P,). 

i=i jga 

Whether M is of type II or it is of type I and then XljgA ''"(-^i) G N U {00}, there exists 
a projection F with t{F) = XljeA ''"(-^i)- Then it is routine to find mutually orthogonal 
projections Ej < F with T{Ej) = T{Pj) for every j G A. Let E := XljeA-^i- Then E < F 
and t{E) = t{F) = t{I). We now consider three cases. 

In the first case, assume that r(J) < 00. Then r(J — E) = 0, hence E = I, and we are 
done. 

In the second case, assume that r(/) = 00 and A' = 0. Then E is an infinite projection, 
hence there is an isometry W for which WW* = E. Set E'j = W*EjW. Then Ej ~ Ej ~ Pj 

for every j and / = J2f=i ^'j provides the required decomposition. 

In the third case, assume that r(/) = 00 and A' 7^ 0. Modify if necessary F so that 
/ — F is infinite and hence so is / — > I — F. Then decompose I — E into card A' 
mutually orthogonal infinite projections I — E = XljeA' ^j- Since Pj ~ Ej for all j G A', 

/ = J2j£A + J2jeA' ^3 ~ ^j=i ^3 provides in this case too the required decomposition. 

Now choose partial isometries Wj with Pj = WjWj and Ej = WjW*. If < 00, set 
B := Ylf=i ^j- If A^ = 00 and m > n, then 

n n n n n 

(8) ( E ^.O* ( E = E = E = E 

j=m j=m 'i'd=i^ i=™- j=fn 

Thus, by the strong (and hence the weak) convergence of the series X^jli-^i' see that 
the series Wj is strongly Cauchy and hence converges in the strong operator topology. 
Again, call its sum B. By the same computation as in ([8]), we have B*B = J2j=i Pj = ^- Let 
B = V Ah be the polar decomposition of B. Then V*V = Ra and BB* = VAV*. Moreover, 



10 



VICTOR KAFTAL, PING WONG NG, AND SHUANG ZHANG 



EjB = Wj for every j, thus 

N N N N 

j=i j=i j=i j=i 

□ 

Lemma 3.2. Let A G M"*" be a strong sum of projections. 

(i) Either \ \A\ \ > 1 (equivalently, Aj^ 0) or A is a projection. 

(ii) If M is semifinite, then t{Ra) < t{A). 

Proof. 

(i) Obvious, since if P, Q are projections, then ||P + QH = 1 if and only if PQ = if and 
only if P + Q is a projection. 

(ii) Let A = X^jLi Pj with Pj nonzero projections and G N U {oo} and assume without 
loss of generality that t{A) < oo. By Kaplansky's parallelogram law, [8i Theorem, 6.1.7], 
for every integer n < N we have 

n n 

t{\/P,)<J2^{P,)<t{A). 

i=i i=i 

If < cxD, then Ra = VjLi ^^nd we are done, li N = oo, then Vj=i T Ra and by the 
normality of r, r( Vj=i Pj) T '''{P-a)- Thus also t{Ra) < t{A). 

□ 

Theorem 3.3. Assume that A & M is a strong sum of projections. Then 

(i) If M is of type I, then Tr (A^) > Tr {AJ) and either Tr = oo or Tr (A^) < oo and 
Tr {A+) - Tr G NU {0}. 

(ii) IfM IS of type II, then r(A+) > t{A^). 

(iii) If M is of type III, then either ||A|| > 1 (equivalently, A^ ^ 0) or A is a projection. 
Proof. 

(iii) is given by Lemma [3.21 (i), so assume henceforth that M is semifinite. Let A = Ylf=i Pj 
with Pj nonzero projections and G N U {oo}. 

Assume first that t{Ra) < oo and hence also t{A) < oo and t(A_) < oo. Then by ([T]) 
and by Lemma [3.21 we have t{A^) — t{A_) = t{A) — t{Ra) > 0. Moreover, if M is of type 
I, then N < oo and both t{A) and t{Ra) are positive integers, which proves the integrality 
condition in (i) for the case when t{Ra) < oo (see also Corollary 12.51 ). 

Now assume that t{Ra) = oo and assume furthermore that t{A^) < oo. Obviously, 
r(/) = oo and by Lemma [3^ . t{A) = oo, hence t{A) = t{I). Thus by Proposition 13 . II there 
is a partial isometry V with V*V = Ra and a decomposition of the identity / = Pj 

into mutually orthogonal projections Ej for which Ylf=i EjVAV*Ej = I. Recall that the 
map 

N 

M 3X ^ <I>(X) := EjXEj G M 
i=i 

is linear, positive, unital, faithful, and in case M is semifinite, it is also trace preserving. 
Then we have by ([1]) that 

/ = <^{VAV*) = <^{VA+V*) - <^{VA^V*) + <^{VRaV*). 
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It follows from V*V = Ra that 



(9) 



^{VA+V*) = <i>{VA_V*) + $(/ - VV*). 



and hence 



t{VA_V*) = T{<^{VA_V*j) < t{<^{VA+V*)) = r{VA+V*) = t{RaA+) = t{A+) < oo. 
But then, 

t{A_) = t{RaA_Ra) = t{V*VA^V*V) = t{VV*VA^V*) = t{VA_V*). 



This concludes the proof of the case when M is of type II. If M is of type I and Tr (v4+) < oo, 
it follows from and the above computations that 



This shows that Tr (/ — VV*) < oo, i.e., / — VV* is a finite projection, and therefore 



Remark 3.4. Notice that if M is semifinite and A G , then 

r(A+) > r(A_) =^ t{A) > r{RA) ^ r(A+) > r(A_). 
However, if t{Ra) < oo, then t{A+) > t{A^) <^=^ t{A) > t{Ra)- 

Remark 3.5. In the case of M = B{H), let V{A) := {VAV* \ V*V = Ra} be the partial 
isometry orbit of A and let E denote the (unique) normal conditional expectation on the 
diagonal masa of B{H) (according to a fixed orthonormal basis). Then Proposition \3.1\ 
states that a positive operator A G B{H) with infinite trace is a strong sum of rank-one 
projections if and only if I E E{V{A)). When A is also invertible, this is a special case of 
[U Proposition 4.5]. In the case of compact operators, the diagonals of the partial isometry 
orbit are characterized in terms of majorization of sequences by the infinite dimensional 
Schur-Horn theorem obtained in [I3]. The set E{y{A)) is further studied in in [15] for the 
case of positive not necessarily compact operators. 

In the case of M = B{H), an application of Proposition 13.11 together with a modification 
of the proof of Theorem 13.31 (i) provides an alternative proof of the necessity of Kadison's 
integrality condition in [9], Theorem 15] that characterizes the diagonals of infinite co-infinite 
projections and identifies explicitly the integer as the difference of the traces of two projec- 
tions. 

Corollary 3.6. [9, Theorem 15] Let P G B{H) be an infinite, co-infinite projection, let Cn 
be an orthonormal basis, let €„ '■= {Pen,en), and assume that "^{cn | c„ < |} < oo and 
^{1 — c„ I c„ > |} < oo. Then 



Tr = Tr + Tr ($(/ - VV*)) = Tr + Tr (/ - VV*). 



Tr (I-VV*) G NU {0}. 



□ 




Proof. Let W be an isometry with P = WW*. Define 




if c„ ^ 
if c„ = 



and 



n 



'n 
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Then = 1 for every n and hence P„ are rank-one projections. A simple computation 

shows that / = Xln^nPn, with the series converging in the strong operator topology. Define 

T+ := ^{(1 - c„)P„ I c„ > T_ := ^{c„P„ I c„ < and T:=T+-T_. 

Then T+,T_, and hence T are trace class operators and 

Tr T = ^{1 - c„ I c„ > i} - ^{Cn I Cn < ^}. 

Since Yli^nPn \ Cn> \} and ^{(1 — c„)P„ \ Cn > \} both converge in the strong operator 
topology, it follows that also ^{Pn I Cn > |} converges in the strong operator topology. Set 
A := '^{Pn I Cn > |}. By Proposition 13.11 there is a partial isometry V with V*V = Ra 
for which E{VAV*) = I, where E is the conditional expectation on the atomic masa (the 
operation of taking the main diagonal). 

Since I = A-T,we have VV* = VAV* - VTV* and thus 

E{VV*) = E{VAV*) - E{VTV*) = I- E{VTV*) = E{I) - E{VTV*). 

Thus E{VTV*) = E{I - VV*) and hence 

Tr {V*VT) = Tr (VTV*) = Tr (/ - VV*) E Z 

since T is trace-class and VV* and hence / — VV* are projections. On the other hand, 

{V*V)^T = {V*V)^{A -I) = -{V*V)^, 

hence Tr {{V*V)^T) G Z, and thus 

Tr (T) = Tr {V*VT) + Tr {{V*V)^T) e Z. 

□ 

4. B(H): THE FINITE TRACE CASE 

In this section we will prove that if A G B{H)^ and Tr {A_) < Tr < oo and 

Tr — Tr G N U {0}, then A is a strong sum of projections. Since the trace-class 
operators A^ and A_ are diagonalizable and have orthogonal supports, then by ([T]), A too is 
diagonalizable. As in Lemma 12.31 , let us denote the eigenvalues of A which are larger than 
1, if any, by 1 + fij and those are less or equal than 1, if any, by 1 — Aj, i.e., set 

N K 

A := + ® e,) + ^^(1 - A,)(/, ® /,) 

i=i 1=1 

where N,K G MU {0} U {oo}, the unit vectors ej, fi are mutually orthogonal, /i^ > 0, and 
< Aj < 1 for all i and j. Notice that the series, if infinite, converge in the strong operator 
topology. Of course, it would be equivalent to assume that /ij > and < Aj < 1 for all i 
and j. Thus A^ = J2j=i f^ji^j ® ^j) A_ = J2i=i ^iifi ® /«) hence 

N K 

^/i,-5^A.GNU{0}. 

j=i i=i 

Here too we adopt the convention to set a series Yll=i zero, e.g., by = we mean that 
A has no non- negative eigenvalues less or equal than 1, and hence, A_ = 0; similarly for 
N = 0. 
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Our proof will depend on iterative applications of Lemma I2.1[ Since we will focus on 
infinite rank operators, i.e., on the case when N + K = oo, the process will not terminate as 
in Lemma 12.31 after a finite number of steps and the crux of the proofs will be to establish 
strong convergence. This will be illustrated by the following lemma which handles two key 
special cases. 

Lemma 4.1. Let {go,gi, ■ ■ ■} be mutually orthogonal unit vectors. 

(i) Let A = {1 — X){go <S) go) + + f^j){9j ® 9j) where fij > 0, < X < 1, for all j and 
A = XljliA^i- Then A is a strong sum of projections. 

(ii) Let A = {1 + fx){go ® go) + Yl'jLii^ " ^j){9j ® 9j) where fi > 0, < \j < 1 for all j and 
/i = Yl'jLi ^j- Then A is a strong sum of projections. 

Proof. 

(i) If A = 0, then fij = for all j and hence A is already a projection. Thus assume that 
A ^ 0. Define 

' -A J = 1 

EC^/^.-A J>1. 

Then 6j increases strictly to 0, so we can also define 

'O J = 1 

J>1- 



Sr--- 



(10) ■= \ (1+5,-1)^,-1 



(l+<5,)(25j-i-<5,) 

Then for every j > 1, aj > and also 

^''^ (l + 5,)(25,-,-5,) 

Define also 

go J = 1 



(12) V 



" ' ^ ^^j-i + v^l - ^j9j-i J > 1- 
Solving this recurrence relation, we get 

(13) Vj = ^ (^a/1 - o-fe+i Yl V^^9k + a/1 - (^j9j-i- 

k=0 i=k+2 

We claim that there is a sequence of rank-one projections Pj for which 

n n 

(14) (1 - X){go ® go) + J](l + fij){gj ® gj) = P,- + (1 + 5n+i){vn+i ® v^+i) 

for every n. By Lemma 12.11 

(1 - X){g, ® go) + (1 + fii){gi ® ^i) = P, + {1 + fi^ - X){v ^ v) = Pi + {1 + 62){v ® v) 



where Pi is a rank-one projection and by ([3]) and ([2]), t> = y^fi'o + vl^^fi'i and 

(l-A)A (i + 5,)(-5,) 



(72 • 



(l + /ii-A)(/ii + A) (1 + ^2) (52-250 

Thus V = V2 and hence f |T^ is satisfied for n = 1. Assume that ( |T4|) is satisfied for n — 1. 
Then 
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n-l 

= Pj + (1 + Sn){vn ® Vn) + (1 + fJ'n){gn ® On) (by the inductioii hypothesis) 

n-l 

= + + (1 + /in + 5n)iv ® f ) (by LemmaO ) 

i=i 

n 

= Pj + (1 + 5n+i){v ® f ) (by the definition of 5) 



where P„ is a rank-one projection, and by ([3]) and (E]), t> = v^'^n + Vl ~ '^9n and 

(l + (5„))(-,50 _ (l + (5„)^„ 
(1 + /i„ + 5„)(yu„ - 5„) (1 + (5„+i)(25„ - ■ 

Hence v = Vn+i and thus ( |T^ is satisfied for n. Thus for every n, 

n oo 

^ = ^ Pj + (1 + 5n+l)(^^n+l ® ?;n+l) + ^ (1 + Ati)(5'i ® 9j)- 
i=l j=n+l 

Since . i(l+/ij)(fi'j®fi'7) ^ 0, to prove that A = Xli^i Pi where the convergence is in the 

strong topology (and hence, to estabhsh the thesis), we need to show that fn+i<S>t^n+i 0, or, 

s 

equivalently, that Vj weakly. Since Vj G spanj^fj}, it is enough to show that {vj, g^) 
for every g G N U {0}. Indeed, for every j > g + 1, we have from ( fT3l) that 



j 

5 9q) = a/1 - CTq+l JJ 



i=g+2 



Thus it is enough to show that ni=2'^« ~^ 0, or, equivalently, that YliL2(^ ~ '^■i-) ~ -^^ 
f fTTj) and since 6j-i < 6j < we have 



^ ^ (1 + 5,)(25,_i - 5,) 25,_i - 5, 2 ^ 

Since (5j T 0, for every n > m, 

whence ^^^+1 > | for every m. As a consequence, Yl'jL2 '^7^^'^' ~ ^^"^ thus, 

^^2(1 — <7j) = 00, which completes the proof for this case, 
(ii) Let k := card{j | Xj = 1}. By passing to 

A' ■. = A- k{go ® go) - J^^gj ® gj \ A, = 0} 

= (1 + /X - /c)((7„ ® go) + ^{(1 - \j){gj ® gj) | < A,- < 1}, 
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we can assume without loss of generality that < Aj < 1 for all j. Define 



Sr--- 



/"-EGA. j>l 



Then Sj J, 0. Let aj and Vj be defined by ffTOl) and f|T2|) respectively. We claim that there is 
a sequence of rank-one projections Pj for which 



(16) (1 + fi){go ® go) + - Xj){gj ® gj) = J] P,- + (1 + n+l ® "^^n+lj 



for every n. 

Apply Lemma 14.21 to obtain 



;i - Ai)(^i gi) + (1 + /i)(^o ® go) = Pi + (1 + 52)(t^ ® t^) 



where Pi is a rank-one projection and by (I3l), ([2]), and ( |TT|) . f = y^S'i + Vl ~ ^S'o and 

(l-Ai)Ai (i + 52-5i)(5i-52) 



(l + ^-Ai)(^ + Ai) (l + ^2)(2(5i-(52) 



1 - 0-2. 



Thus V = V2 and (fT6ll holds for n = 1. The inductive proof of the claim then proceeds as in 
part (i). Thus 

n oo 

^ = ^ P,- + (1 + 5„+i)K+i ® Vn+i) + ® 9j), 

j=l j=n+l 

and hence, to prove that A = Ejli need to show that Vj — weakly. Again, by (fT3l) 

it suffices to show that Ejl2(-'- ~ '^j) ~ '^^^^ only difference from the proof of part (i) is 
that the inequahty used in (IT^ does no longer hold since 6j > 0. However, since 6j 0, we 
have, for j large enough, 

{1 - 6j-i + Sj){Sj-i - Sj) 1 Sj^i - 1 ^j~i - ^ 
^ (l + 5j)(25j_i-5j) 22Sj.i~5j 4 

Then the same argument as in part (i) proves the claim. 

□ 

The next special case is also based on iterated applications of Lemma 12.11 and shares 
part of the construction with the previous lemma, but with a different proof of the weak 
convergence of the vector sequence. 

Lemma 4.2. Let A = Ei^i(l + f^i){ei <^ e.) + Ei^i(l - ^i){fi ® ft) where {e,, /,} are 
mutually orthogonal unit vectors, yUj > 0, < Aj < 1, for all i, Ei^i Aj = Ei^i f^i < ^'^^ 
Ei^i Ai 7^ Yli=i f^i /^'^ every ra, m G N. Then A is a strong sum of projections. 

Proof. Since by hypothesis Ai ^ fii, we assume that Ai > /ii and leave to the reader the 
similar proof for the case when Ai < ;Ui. Since Ai < Yl'jLi /^i; there is a smallest integer ni for 
which Ai < Efci f^j- Similarly, there is a smallest integer mi for which YlT^i Aj > E?ii f^j- 
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From here we obtain recursively the strictly increasing integer sequences {rrik}, {fik}, starting 
with TT-o = 0, rrio = 1, for which 

^k-i "ife-i mfe — 1 "fc rrtfc 

j=l j=l j=l j=l j=l j=l j=l 

Set 

f(l-Ai)(/i®/i) j = l 

[ (1 + ^j-rnk){(ij-mk ® Cj-mJ TUk + Uk < j < rUk + Ufc+i 

Since A is the sum of two series which converge unconditionally, we can rearrange its 
summands to obtain A = Yl^i ^« (i^ ^^e strong topology.) Explicitly, for j > 1, 



4 = 1 

Define 



Er=i(l + ® + Ei=r(l - -^i)(/i ® /i) f^k-i + nk<j<mk + nk 

Ei=r*(l + /"i)(ei ® Cj) + - ^i){fi ® /i) rUk + Uk < j <'mk + Uk+i. 

-Ai J = 1 

"^i = "( Zir=i A^i - Z]i=r Ai ruk-i + Uk < j < TUk + nk 



Then from ffTTl) we have 



YlUT'' l^i - Ya=i Ai ruk + Uk < j < mk + Uk+i- 



(18) 5j > mfc_i + Uk < j < rUk + Uk 

6j < rnk + nk<j <mk + Uk+i 



and 

(19) 5, - 

Thus 



-^j-rik < ?7ife-i +nk < j <mk + nk 
fij-^m^ > nik + Uk < j < nik + Uk+i. 



(20) min{5j | mfc_i + < j < rrifc + n^+i} = ^n^+m^ (by ([I9])) 

= K+^m^-i - Amfe (by (UnD) 

> -A„., (by (HHD) 

> — 1 (by hypothesis). 

Moreover, 

(21) 26j-i - 6j = + Xj^uk > ^j-i > ruk-i + rik < j < ruk + nk 
25j_i - 6j = 6j^i - /ij-mfc < Sj-i < vfik + nk < i <mk + Uk+i- 

Define the sequence aj as in ( ITOj) . From ( |T8l) . ( |T9i) . and ( 12T]) . we see that for every j, 
— 5j, and 2(5j_i — (5j have the same sign. Since furthermore 1 + 5j > by ( l20l) and 
1 + 5j - > by ([T9]) and (EDD, it follows that < (x^ < 1. 
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Now let Jk '■= TTik + TLk+i- Then we have by f|T8|) that < < by fl20l) that 

> 0, and hence ^^rj^ < 1- As 25j^_i-5j^ < by ([21]), we also have < 25''''' -s < \ 
and thus 

1 
2 

Having concluded these preliminary computations, we define recursively the sequence of 
unit vectors 



(22) crm,+n,+, < 7; = (^Jk- 



h J = 1 



(24) V, e 



(23) Vj = <^ y^Vj^i + cfjfj-n^ rrik-i + rik < j < rrik + 

^Vj^i + yr^^Ojej-m^ nik + Uk < j < rUk + Uk+i- 

Notice that 

1 span {/i, . . . , /j-rifc, ei, . . . , e„J ruk-i + Uk < j < mj, + Uk 
|span {/i, . . . , ei, . . . , ej_mj rUk + Uk < j < nik + rik+i- 

Now we claim that there is a sequence of rank-one projections Pj for which 

n n—l 

(25) ^ = ^ P,- + (1 + (5„) (t;„ ® t;„) for n > 2. 

j=i i=i 

By Lemma [2.11 

+ = (1 - Ai)(/i ® /i) + (1 + Aii)(ei ® ei) (by definition) 
= Pi + (1 + - Ai)(f (g)f) (by Lemma O ) 

= Pi + (1 + 52)(^ ® ^) (by definition) 



where Pi is a rank-one projection and by ([3]), ([2]), t> = i/iz/i + Vl ~ i^^i and 

(l-Ai)Ai 
(l + /ii-Ai)(/ii + Ai) 

and hence v = V2- 

Since ^2 < by f|T8l) and W2 -L 62, we can apply Lemma [211 to 

(1 + 62){V2 ® f2) + (1 + /i2)(e2 ® 62) 

and continue the process. Assume the construction up to j — 1, where rrik-i+nk < j < nik+nk 
for some k. Then 

j j-i 

1=1 i=l 

i-2 

= 5^Pi + (1 + 5j-i)(^;i-i ® i^i-i) + (1 - Aj_„,)(/j-„, ® /,_„J. 
1-1 

Now t>j_i ± /j-nfc by fl24|) and 5j_i > by f|T8l) . so we can apply Lemma [2?T] and obtain 

(1 + 5,-i)(i;,-i ® v^.,) + (1 - A,„„J(/,_„, ® /,_„J = P,_i + (1 + 5,„i - \j-n,){v ® v) 
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where Pj-i is a rank-one projection, and by ([3]), ([2]), t> = \^fj^nk + Vl — t^vj^i and 



(1 + 6j-i - Aj_„J((5j-.i + Aj_„J 
(1 + 5, -5,) 



(by Lemma 12.11 ) 
since 6j = 6j^i - Aj_„^ by ([12])) 



(l + 5,)(2<5,_i-<5,) 
1 - or, (by (E 



But then, f = vj and since also 5-,- = 6j-i — Xj~nki we see that ( 1251) is satisfied for j. We 
leave to the reader the similar proof for the case when m^, + rik < j < + n^+i for some 
k. We thus have for all n 



oo 



i=l i=?i+l 

^00 



Since . i ^ 0, as in the proof of Lemma [4.11 in order to prove that A = Pi in 

s 

the strong topology, it suffices to show that the projections Vj ® Vj 0, or, equivalently, 
that the sequence of unit vectors Vj 0. Since all Vj G span {/j, Cj}, it suffices to prove that 

w 

("^i? /?) ^ ^^"^ (^i' ^9) ^ for all g. 

Fix g G N and choose such that rrih > g and > q and let = fm^+n^- From (1251) we 
have 

Iterating, 



( n V^^^' ^ {fii---ifmh,ei,...,enj-^ for eveij j > rrih + Uh- 

In particular for every j > rrih + ^/u 

i i 
(^i'/9) = ( n v^) (^'Z?) and (t;j-,eq) = (^ JJ v^)(w,eq). 

Since < o"i < 1 for all z by (fTUl) and (fTTl) and < | infinitely often by ( l22l) . we see that 
ni=m +n +1 hence Vj — > weakly, which concludes the proof. 

□ 

Theorem 4.3. Let A G B{H)^ and assume that Tr {A_) < Tr {A+) < 00 and 
Tr (v4_|_) — Tr (A_) G NU {0}. Then A is a strong sum of projections. 

Proof. Since A+ and A_ are of trace-class and supported in orthogonal subspaces, they are 
simultaneously diagonalizable, so we can set A_ = ^i{fi ® /i); ^+ = l^ji^j ® ^j)^ 
where M, N E NU{0}U{oo}, {/«, Cj} are mutually orthogonal unit vectors, and < Aj < 1, 
/ij > or all i and j. Let 

A; := Tr (A+) - Tr (A_) = - ^ A.. 
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Since is the sum of rank-one projections, we can by ([1]) assume without loss of gen- 

erahty that 

N M 

(26) A = ^(1 + fij){e, ® e,) + ^(1 - A,)(/, ® /,). 

j=i 1=1 

By the same proof as in Lemma [273] we can decompose A as the sum of k rank-one projections 
and a positive operator A' with Tr {A'_^_) = Tr {A'_). Thus we assume henceforth that k = 0. 
We need to consider four cases: 

(a) when both A_ and A^ have finite rank (i.e., N,M < oo), 

(b) when A^ has finite rank and A_ does not (i.e., < oo, M = oo), 

(c) when A_ has finite rank and A^ does not (i.e., = oo, M < oo), and 

(d) when both have infinite rank (i.e., N = M = oo.) 
The case (a) is given by Lemma [2.31 (i). 

Consider the case (b). If > 1, choose an m G N for which 

N-l m N N m 

j=l i=l j=l j=l i=l 

By Lemma [2.31 (ii) there are m + N rank-one projections Pk for which 

N m m+N-1 N m 

^(l + /i,)(e,®e,) + ^(l-A,)(/,®/,)= ^fc+(l + $^/i,-5ZA,)p, 

j=l i=l k=X j=l i=l 

Thus 

m+N—l N m oo 

k=l j=l i=l j=m+l 

Since Pm+N -L fj for all j > m and J2f=i f^j ~ = Si^-m+i Aj; "we see that A' satisfies 

the same conditions as A, but has 'W = 1" . Now we obtain by Lemma 14.11 (ii) that A' is a 
strong sum of projections and hence so is A. 

The next case (c), when N = oo and M < oo, is similar. If M is not already 1, choose 
an n for which "^^Zl fij < J2i=i^ < Sj=i/^j- Then, again by Lemma [231 (ii) there are 
M + n — 1 rank-one projections Pk for which 

n A/-1 M+n-2 n M-1 

J](l + /i,)(e, ® ej) + 5^ (1 - A,)(/, ® /i) = Y {l + Y^'^-Yl ^)Pm+. 

j=l i=l k=l j=l i=l 

Set 

M+n-2 n M~l oo 

A' ■.= A- Y ^fc = (l-AM)(/M®/M) + (l+Xl/^i-Zl S (l+/i,)(e,®e,). 

k=l j=l 1=1 j=n+l 

Since Pm+h-i < Yl]=ii^j ® ^j) + X]f=i ^(/« ® /«)> -P-M+n-i is orthogonal to the other rank-one 
summands of A'. Moreover, 



m+N 



hn-1 



n A'I~1 oo 

j=l 1=1 j=n+l 
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Now we obtain by Lemma [4.11 (i) that A' is a strong sum of projections and hence so is A. 
In the last case (d), both and M are infinite and Yl^i ~ Yl'jLif^j- Define 

m n 

$A := {{m,n) G N x N | ^ A^- = ^yUj}. 

i=i i=i 

We need to treat the three possible cases separately, when $^ is infinite, when it is finite 
and non-empty, and when it is empty. 

If $A is infinite, then rearrange it as (^a = {{^k,nk)} where the integer sequences {m^}, 
{uk} are strictly increasing. Set nio = Uo = and by using the unconditional convergence 
of the series ( 126!) . decompose A as 

oo rife mfe 

k=l j=nk_i+l j=mfc_i+l 

Since ^"=„j. ^+if^j = Yl^=mf, i+i -^i' t)y Corollary 12.51 each summand 

j=rifc_i+l j=mfc_i+l 

is a sum of (finitely many) rank-one projections and hence A is strong sum of projections. 
If $A is finite but not empty, it has a lexicographically largest element (m, n) for which 

^£±=1 ^3 ~ ^j=i ^i=i 7^ ^j=i ''^J > ^' > ^- Now, again by Corollary 

71 m 

+ /i,)(e, ® e,) + 5^(1 - A,)(/, ® /,) 
i=i i=i 
is the sum of rank-one projections and its remainder 

n m 

A':=A- + /i,)(e, ® e,) + ^(1 - A,)(/, ® /,) 

i=i i=i 

satisfies the same conditions as A, but in addition has $a' = 0- Finally, the crucial case 
when $A = is given by Lemma 14.21 

□ 

In view of the necessary condition established in Theorem 13.31 (i), to conclude our study 
in B[H) it remains to consider the case when Tr {A^) = oo. This will be done in Section [6l 

5. Type II factors: the finite diagonalizable case 

In this section, we assume that M is a type II factor with trace r. The following key 
lemma is also a consequence of Lemma 12.11 , or, more precisely, of Lemma 12.61 

Lemma 5.1. Let A = {1 + fi)E + {1 — X)F where E and F are finite projections, EF = 0, 
/i > 0, < A < 1, and t{A) > t{Ra)- Then A is a strong sum of projections. 

Proof. To avoid triviality, assume that A ^ and hence E ^ 0. The case when A = 1 (resp. 
A = 0) is equivalent (resp., implied by) the case when F = 0, so assume that < A < 1, and 
hence, Ra = E + F. If /i = 0, then -Ar(F) = t{A) - t{Ra) > 0, whence XF = 0, and then 
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A = E + F is already a projection. Thus assume henceforth also that /i > 0. Now consider 
first the key case when t{A) = T{Rji), i.e., fiT{E) = Xt{F). In summary, assume that 



(27) 



;u > 0, < A < 1, and /ir(E) = Ar(F) > 0. 



If /i = A, then t{E) = t{F) and then A is the sum of two (equivalent) projections by 
Lemma 12.61 

If /i < A, then t{E) > t{F), and hence, there is some projection E' < E with 
t{E') = t{F). Then E' F and by Lemma 12.61 there are projections Ri,Fi G M, 
Ri,Fi<E' + F with i?i ~ Fi ~ F for which 

(1 + i2)E' + (1 - A)F = i?i + (1 + /i - A)Fi. 

Set Ai := A-Ri, Ei := E-E', /xi := /x, and Ai := A-/x. Then EiF^ = 0, Fi + Fi < E + F, 
and 

/il = yU > 

0<Ai = A- /i<l 
r(Fi) = r(F) - r(F) 
[t{F,)=t{F) 

[1 + fii)Ei + (1 - Ai)Fi and 
^ir(Fi) = /x(r(F) - t{E')) = (A - ^)r(F) = Air(Fi). 



Moreover, Ai 



Thus y4i satisfies the same conditions ( |27j) as A does. 

Similarly, if yU > A, and hence, t{E) < t{F), choose a projection F' < F with 
t{F') = t{E). By the same argument as above, there are projections Ri,Ei G M, 
Ri,Ei<E + F', with i?i ~ Fi ~ F for which 



Set Fi := F - F' , j^i 
Ei + Fi < E + F, and 



^1 + /i)F + (1 - X)F' = Ri + {l + fi- X)Ei. 

/i — A, Ai := A, and Ai := A — Ri. Then, again, EiFi 



0, 



= /i — A > 
< Ai = A < 1 
t{E,) = r{E) 
yr{F,) = t{F) - r{E) 

Moreover, Ai = {1 + HijEi + (1 — Ai)Fi and ^it{Ei) = Air(Fi), i.e., here too Ai satisfies 
the conditions (ITTI) . 

We can thus iterate the construction and find nonzero projections Ek,Fk,Rk G M with 
FfcFfc = 0, Ek + Fk < + Fk-i < E + F, positive operators Aj. = Ak_i — Rj., and scalars 
Hk> and < A^ < 1 for which Hkr{Ek) = XkT{Fk), Ak = {I + fik)Ek + (1 - Xk)Fk, and 



(28) 



< Afc+i = Afc - /ifc < 1 

T{Ek+l) = T{Ek) - T{Fk) 

[T{Fk+i) = r{Fk) 



if Hk < Xk 
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(29) 



< Afc+i = Afc < 1 
T{Ek+i) = r{Ek) 
[T{Fk+i) = r{Fk) - r{Ek)x 



if /ifc > Aa 



=1 + ^k- 



This construction terminates if for some k we have 



Thus for every k, A = 

fJ'k = Afc, in which case Ak is the sum of two projections, and hence, A is the sum of /c + 2 
projections. Thus assume henceforth that fik 7^ Afc for every k. 

By construction, both sequences T{Ek) and T(Ffc) are monotone non-increasing, and hence, 
both converge. Let a := hm r(i?fc) and f3 := hmr(Ffc). The sequences /ifc and Afc are also 
monotone non-increasing. If fik+n = IJ-k for some k and n eN, then by fl28l) . Afc_|_„ = Xk — nfi^. 
Thus there must be a largest such n, i.e., the sequence fik cannot be eventually constant and, 
similarly, neither can be the sequence Afc. Thus, both inequalities /ifc < Afc and fik > Xk niust 
occur for infinitely many indices. Thus it follows from ( !28l) that a = a — f3, and it follows 
from fl2^ that /5 = a — P, whence a = P = 0. As a consequence, ||-Efc||i and ||-Ffc||i 0, 
and hence, i?fc — > and F^ —>■ 0; this implication is well known, the reader is referred to 

s s 

[H Exercise 8.7.39]. Thus A^ — > 0, and hence, A = J^'iLi^j where the convergence is also 

s ■' 

in the strong operator topology. 

We now consider the remaining case when /i > 0, < A < 1, and ^iT{E) > Ar(F) > 0. 
Since M is of type II, we can decompose E = Ei + E2 + E^ into the sum of three mutually 
orthogonal projections with the following traces ([/ij denotes the integer part of fi): 



t{E,) 
r{E2) 



-t{F) > 
fXT{E) - Ar(F) 

(l-/x+H)(/ir(E)-Ar(F)) 



> 



> 0. 



Let 



Ai 
A2 



(1 + + (1 - A)F 
{^i-[^i\)E2 + {l + ^l)E^ 



((1-(1+ L/iJ -/i)^2 + (l + /i)^3 



Thus A = Ai + A2 + A3. If t{Ei) = 0, then Ar(F) = 0, and hence, Ai = F is already a 
projection. If t{Ei) 7^ 0, then Ai satisfies the conditions of (l27Il . and hence, it is a strong 
sum of projections. If /i G N, then ^2 = (1 + lj)E^ is the sum of 1 -f- /i projections. If 
L/iJ, then it is easy to verify that also A2 satisfies the conditions of (!27|) . and hence, is 
a strong sum of projections. Finally, ^3 is always trivially the sum of 1 + [/xj projections, 
which concludes the proof. 

□ 



Now we consider positive diagonalizable operators in M, namely, those operators of the 
form A = 7fcG'fc where Gk & M are mutually orthogonal projections and 7fc > 0, and the 
series, if infinite, converges in the strong operator topology. 
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Theorem 5.2. Let M he a type 11 factor with trace t and let A E M be a positive diagonal- 
izable operator. If t{A^) > t{A_), then A is a strong sum of projections. 

Proof. To avoid triviahty, assume that A ^ 0. By renaming appropriately the coefficients 
and using the semifiniteness of M to split the projections into sums of projections with finite 
trace, we rewrite A as 

N K 

j=i i=i 

with N,K G N U {0} U {cxd], Ej,Fi mutually orthogonal finite projections, fij > 0, and 
< Aj < 1 for all j and i, and with the series converging strongly if N or K are infinite. 
Again, we use the convention that if or i^' are zero then A is the sum of only one series. 
Since ^{(1 — Xi)Fi | Aj = 0} is already a projection, we can further assume without loss of 
generality that Aj > for all i. Then 

N K N K 

y4+ = ''^^fijEj, y4_ = ^^AjFj, and hence, /ijr(i?j) > XjT^Fj). 

j=l i=l j=l j=l 

In particular, > 0. Assume A' > 0. Then Air(Fi) < /^j'^(-^i)- Since M is of type 

II, we can find projections Eji < Ej such that Air(Fi) = Xl^i /^i'^(-^ii)- Then decompose 
Fi = J2f=iEji into mutually orthogonal projections so that Air(Fji) = ^jr{Eji) for every 
j. If A' > 1 we have 

K N 

$^A,r(F,)<5^/i,r(i5;,-%), 

i=2 j=l 

and hence, we can iterate the process. Thus for every i and j we decompose Fi = Ylf=i Eji 
into mutually orthogonal projections and further find mutually orthogonal projections 
Eji < Ej so that XiT^Fji) = ^jT^Eji). Set Ejo := Ej — J2i^=i Eji- Then 

N K N 

^ = E E ((1 + z^^)^^-^ + (1 - + + 

j=l i=l j=l 

By Lemma \5A[ each summand (1 + Hj)Eji + (1 — Xi)Fji and (1 + Hj)Ejo is a strong sum of 
projections, and hence, so is A. In the case that K = A = X]jLi(l + f'j)Ej, and hence, it 
is also the strong sum of projections by the same reasoning. 

□ 

As the following examples show, the condition that A is diagonalizable is not necessary 
for A to be a strong sum of projections. 

Example 5.3. Let M be a type Hi factor, let P E M be a projections with P ~ P^ , let A 
(resp., T)) be a masa in Mp (resp., in Mp± ). By properly scaling the spectral resolution of 
a generator of A we can find a monotone increasing strongly continuous net of projections 
{-Efj^gig 1] in A with r^Et) = t. 

(i) Assume that A and S are conjugate in M , and hence there is a self adjoint unitary U E M 
for which UAU* = S. Define 

Et:= I -UEi.tU* fort e{\,l] and A= !\l + t)dEt + ! tdEt. 

^ Jo Jh 
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Then {E'fjfgp,!] is flag, namely a monotone increasing strongly continuous net of projections 
with T{Et) = t for all t G [0, 1] and A is not diagonalizable (in fact, it has no eigenvalues). 
Furthermore, < A < < 21, = I, and it is easy to verify that 



1 

UAU* = + t)d{UEtU*) + td{UEtU* 



'l + t)d{I-Ei^t)+ / td{I-E 



2 



{2-t)dEt + j\2-{l + t))dEt 



= 21 -A. 

Thus by Proposition \2.1\ , A is the sum of two projections. 
(ii) Assume that A and !B are not conjugate in M . Such a case can he easily obtained by 
choosing P so that M ~ Mp ~ Mp±, choosing two non-conjugate masas Ao and "Bo in M 
(e.g., a Cartan masa and a singular one) and defining A and "B to be the compressions of 
Ao and "Bo to Mp and Mp± respectively. Complete {Et}^^^Q i] to be a flag in M by defining 

Et := P + Ft fort G where {-Ftj^gji ^ is an arbitrary monotone increasing strongly 

continuous net of projections in B with T{Ft) = t — |. Define as in (i) 



A = + t)dEt + tdEf 



Again, A is not diagonalizable, in fact it has no, < A < |/ < 21 , and Ra = /• By 
Proposition \2.1U , A is the sum of two projections if and only if U AU* = 21 — A for some 
unitary U G M. Reasoning as in the proof of Proposition IKJU , it is simple to see that if 
such a unitary existed, we would have B = UAU* and hence A and B would be conjugate, 
against the assumption. Thus A cannot be the sum of two projections in M. However we do 
not know whether A is a strong sum of projections in M or not. 



Question 5.4. Can the condition that A is diagonalizable be removed from Theorem [37 



6. The infinite case 

In this section we assume that M is an infinite factor, i.e., of type loo, type IIqo, or type 
III. The following lemma is the key to the proof of Theorem II. II in this case. 

Lemma 6.1. Let A = Yl'jLii^ + f^j)'^j + ^ -^)-^ where {Ej,F} are mutually orthogonal 
equivalent projections in M, > 0, < Xj < 1, and sup fij < oo. //Xlj^i/^j — ^^^'^ ^ 
is a strong sum of projections in M. 

Proof. Let rii > 1 be the smallest integer for which Yl^Li f^j ^ ^- Such an integer exists 
because Xljli/^i = Set 

ai:=<^ ^„,_i ^^^^ ] and 1 - /3i := - ai - - «ij 
A - 2^ . 1 /ij if ni > 1 
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where \_x\ denotes the integer part of x. Then /^^^ > ai, < ai < 1, and < /3i < 1. The 
positive operator 

rti — 1 

:= ^ (1 + fi^)Ej + (1 + ai + - «ij )Ki + (1 - A)F 

is a hnear combination of := < ^ ~'~ ^ mutually orthogonal equivalent projections 

I ni if A = 1 

in M and the sum of their coefficients is fci := rii + 1 + [(1^ — ai\ ■ Since ki eN and ki > n, 
by Lemma [2.61 (ii), Di is the sum of ki (equivalent) projections. 
Next, we apply the same construction to the "remainder" 

oo 

A-D,= ^ (l+;,^.)E, + (l-/3i)^„, 
j=ni+l 

where now j3i plays the role of A and En-^ the role of F. Iterating we find an increasing 
sequence of indices and two sequences of positive numbers < ak,/3k < 1 with > ak 
and 1 — Pk = fJ'Uk ~ C(k — L/^nfc — ttfej • Then the positive operator 

■= X] (1 + + (1 + a/c + L/"nfc - ak\ )Enk + (1 - /5fc-l)^nfc_i 

i=nfc-i+l 

is by Lemma [2.61 the sum of finitely many (equivalent) projections. But then 

A; oo 

(30) A-Y,D,= 5^ (1 + ^i,)E, + (1 - (5k)En, ^ 

j=i j=„j._|_i 

because the projections {Ej} are mutually orthogonal. Thus A = Yl'jLi where the series 
converges in the strong operator topology. Since each is the sum of projections, so is A. 

□ 

If M is of type I and all projections Ej and F have rank-one, then we can relax the 
condition that they are mutually orthogonal. Indeed, orthogonality is not necessary to 
conclude that each positive finite rank operator is the sum of projections (see Corollary 
12.61 and also Lemma [2.21 ). and assuming strong convergence of the series Yl^ii^ + f^j)-^] 
sufficient to guarantee that J^lLn + + (1 " Pk)En^^ ^ in f[30|l . Thus we have: 

J k~r g 

Lemma 6.2. Let A = Xljlill + + ~ -^)-^ where Ej, F G B{H) are rank-one 

projections, fij > 0, < \j < 1, and + converges in the strong operator 

topology. IfYl'jLif^j = C)0, then A is a strong sum of projections. 

Proposition 6.3. Let A G and assume that there is some fi > for which the spectral 
projection Xa[^ + /W, oo) is infinite. Then A is a strong sum of projections. 

Proof. Let E := xa[^ + fJ^,oo), B := A — {1 + fi)E, and let A he a. masa containing A. 
Then B E A. By [T8l Corollary 2.23], B can be decomposed into a norm converging series 
B = X^^i(l — Xi)Qi with < Aj < 1 and with the projections Qi G A. (In fact we can 
choose 1 — Ai = 2~\ but we do not need this fact here.) Some or all of the projections 
Qi can be zero. Since M is infinite and G /I, by [3 Theorem 3.18] (see also [HI Corol- 
lary 31]), we can decompose E = YliLiEi into a sum of infinite projections Ei G A. Let 
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Ai := {1 + fi)Ei + {1 — Xi)Qi. Then A = Yl'jZi Thus it suffices to prove that Ai is a strong 
sum of projections for each i. Using the fact that Ei, Qi G A, and hence, they commute, it 
follows that Ai is diagonalizable as 

Ai = {l + fi){Ei - EiQ,) + (2 + /i - Xi)EiQi + (1 - Xi){Qi - E,Qi). 

Since Ei is infinite, at least one of the two orthogonal projections Ei — EiQi and EiQi must 
be infinite. Assume that Ei — EiQi is infinite. If = 0, then Ai = {1 + fi)Ei and the 
conclusion follows from Lemma EH] by further decomposing Ei into a sum of infinitely many 
mutually orthogonal equivalent projections. 

Thus assume that Qi and decompose 2 + fi — Xi = Yl^=ii^~1n) into the sum of finitely 
many numbers < 1 — 7„ < 1. Next, decompose Ei — EiQi = ^^=i -E'i"^ into the sum of 
m + 1 mutually orthogonal equivalent (infinite) projections eI^\ Then further decompose 
each projection into a sum of infinitely many mutually orthogonal projections -E^"^ with 

^(„) ^ \EiQi for 1 <n<m 

I Qi ~ EiQi for n = m + 1. 

Thus E, - E,Q, = Y.n=l ET=i ^r^- Define 

^ f Er=i(l + l^)Elf + (1 - ln)E^Q, for 1 < n < m 

lEr=i(l + /^)^ir'^ + (l-^^)W^-^^Q^) forn = m + l. 

By construction, Ai = Yl^=i -^i • By Lemma 16.11 , all the operators are strong sums 
of projections and hence so is Ai. Finally, the case when EiQi is infinite is similar and is left 
to the reader. 

□ 

An immediate consequence of this proposition is the sufficient condition in Theorem 11.11 
(iii) for the type III case. 

Corollary 6.4. Let M be a type III factor, A G , and either A be a projection or A 
satisfy \ \A\ \ > 1. Then A is a strong sum of projections. 

Proof. If \\A\ \ > 1, then there is some /i > for which the spectral projection xa[1 + oo) 
is nonzero and hence infinite. Then A is a strong sum of projections by Proposition 16.31 

□ 

Remark 6.5. 

(i) The condition that Xa[^ + oo) is infinite for some /i > is equivalent to the condition 
\\A\\ess > 1 where \ \A\\ess is the essential norm, i.e., the norm in the quotient M/K, where 
K is the norm closed ideal generated by the finite projections of M. 

If M = B{H), then K is the ideal of compact operators K{H) on H and Proposition 1 6. 31 
provides another proof of Theorem 2 ] stating that if \ \A\\i,ss > 1, then A is a strong sum 
of projections. 

If M is of type IIoo, K is the ideal of compact operators relative to M introduced by Sonis 
[T7] and Breuer |1] (see also pU] ). 

If M is of type III, then K = {0} and \ \A\\ess = \ \A\\. 

(ii) If M is semifinite and A G is a strong sum of projections then t{Ra) < oo. 

Proof. 
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(ii) It is well known that r(x^(7, oo)) < oo for every 7 > (e.g., see [101 Theorem 1.3]). 
In particular, r(x^(l,oo)) < 00, whence t{A^) < 00. Thus it follows from Theorem 13.31 
that t{A_) < 00. But A_ > ^Xa(0, hence r(x^(0, |)) < 00. From this follows that 
t{xa{0, 00)) = t{xa{0, |]) + r(xA(|, 00)) < 00 □ 

An alternative proof of (ii) for the case when M = B{H) is that a strongly converging 
series of rank-one projections that converges to a compact operator must converge uniformly 
and hence be finite. 

We can now prove the last part of the sufficiency in Theorem 11.11 

Theorem 6.6. Let M be type loo or type IIoo- If t{A+) = 00. Then A is a strong sum of 
projections. 

Proof. By Proposition 16.31 we just need to consider the case when xa[^ + Z^, 00) is finite for 
every /i > 0. Let A he a masa of M containing A. Let E[ := x^[2, 00) = Xa[2, ||^||] and 
E'- := xa[1 + -, 1 + 4t) for j > 1- Then r(E') < 00 for all j. Since 

3 3^ 

00 oo 

we see that {\\A\ \ - 1)t{E[) + FT^(^i) = ^- Then also Y17=i }^(^j) = oo- Further- 
more, Axa{IA\A\\] - Er=i(l + j)E'/e A+, Axa[0, 1] e A+, and 

00 _ 00 ^ 

A = J2i^ + -)e; + Axa[o, 1] + {axa{i, \\a\ I] - 5^(1 + -)e; 

Now we consider separately the case when M = B{H) and when M is of type II. 
If M = B{H), first decompose by [IHl Corollary 2.23] the positive operator 



00 

B := Axa[0, 1] + {Axa{IA\A\\] - ^^(1 + -)E'^ 



.=1 ^ 

into a norm converging series B = ^^^(1 — A^Q'j with < A'j < 1 and with the projections 
Q[ G A. Some or all of the projections Q[ can be zero. Then, further decompose the 
projections E'j and Q'^ into rank-one projections. Relabel the ensuing sequence of coefficients 
1 + 4 (resp., 1 — A^) repeated according to the multiplicity of the projections as 1 + fij (resp. 
1 — Aj). To take into account the case when there are only finitely many non-zero projections 
Q[ and they all have finite rank, allow Aj = 1. Thus 

00 00 
A = Y,i^ + f^,)E, + Y,{l-X,)Q, 
j=i i=i 

where all the projections Ej and Qi have rank-one, fij > 0, < Aj < 1 for all i and j, both 
series converge in the strong operator topology, and YlJLif^j = 00. Now further decompose 
N = U^^Aj into infinite disjoint subsets Aj so that for each i, J2jeAi ~ Then 

00 / N 

1=1 VieAi 



and each summand being the strong sum of projection by Lemma [6.21 so is A. 
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Now assume that M is of type II and again using [HI Corollary 2.23] decompose separately 
y4xyi[0, 1] and ^4x^(1, 1 1^| |]— i'^t'^ ^^'^ norm converging series of scalar multiples 
1 — of projections Q[ & A. If a projection Q[ in the series decomposing Ax^fO, 1] is infinite, 
by the semifiniteness of M we can further decompose it into a strongly converging sum of 
mutually orthogonal finite projections in M. These projections are not necessarily in A, 
however, being majorized by Xa[0, 1], they are all orthogonal to and hence commute with all 
the projections E'^. 

Every projection Q'^ in the series decomposing AxAiX^ + in A, is ma- 

jorized by Xa(1, 1 1^1 1] = Yl'jLi ^jy hence is the sum Q[ = J^JLi Q'i^j of finite projections 
Q'iE'j which belong to A and hence commute with all the projections E'^. Therefore, 

oo ^ oo 

A = Y.{l + -)E'^ + Y.{l-\)Q. 
j=l ^ i=l 

where for all i, < Aj < 1 and Qi are finite projections that commute with each Ej. 
Since Xljli ^'^i^'j) ~ '^^'^ choose an increasing sequence of indices rii for which 

]<E',) > A.r(g.) and let A, := ES+i(l + j)E', + (1 - A.)Q. Then A = A 

and 



r(A,)= r{E'^) + r{Q^) + -^(^^) " MQ.) > r(( ^ E^) V Q.) = ^(^aJ 

j=ni+l j=ni+l j=ni+l 

Since Ai is diagonalizable because Qi commutes with all Ej, Ai is a strong sum of projections 
by Theorem 15.21 and hence so is A. □ 
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